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DEDICATED TO THE MEMORY OF ROBERT RANKIN1. INTRODUCTION AND STATEMENT OF RESULTS
If s is a positive integer, then let rðs; nÞ denote the number of
representations of a non-negative integer n as a sum of s integer squares.
If YðzÞ :¼
P1
n¼1 ð1Þ
nqn
2
ðq :¼ e2piz throughout), then
X1
n¼0
ð1Þnrðs; nÞqn ¼ YðzÞs: ð1:1Þ
For small s, there are well-known formulas such as Jacobi’s four-squares
theorem:
X1
n¼0
ð1Þnrð4; nÞqn ¼ 1þ 8
X1
n¼1
X
d jn;
4[d :
ð1Þndqn:
The general problem of determining exact formulas for rðs; nÞ is classical
in number theory. One may consult the popular book by Grosswald [1] for a
thorough account (as of the early 1980s) of the subject complete with
references. The series YðzÞs is a modular form, and so there are abstract
formulas for rðs; nÞ as the Fourier coeﬃcients of modular forms. Speciﬁcally,
it is well known that YðzÞs ¼ E *s ðzÞ þ csðzÞ, where E *s ðzÞ is an Eisenstein
series with explicit coeﬃcients and csðzÞ is a cusp form. Using this fact, one
may deduce asymptotic information for rðs; nÞ. Rankin proved [5] that csðzÞ
is non-trivial for every s > 8. Therefore, the problem of computing non-
trivial formulas for rðs; nÞ remains since the coeﬃcients of cusp forms,
although small, rarely have simple descriptions.253
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KEN ONO254In a startling turnabout, Milne [3] announced formulas for rð4s2; nÞ and
rð4s2 þ 4s; nÞ for every s. His formulas were obtained by combining a variety
of methods and observations from the theory of elliptic functions, continued
fractions, Lie algebras, Schur functions, and hypergeometric functions. The
proofs of his formulas appear in [4].
Also in [4], he proves (via similar methods) conjectures of Kac and
Wakimoto on the number of representations of positive integers as sums of
triangular numbers. These conjectures were born out of observations arising
in the theory of Lie algebras. In a recent paper [6], Zagier also proves these
conjectures. His method involves an elegant and surprisingly simple
argument. Zagier notices that the generating functions in the Kac and
Wakimoto Conjectures are modular forms on G0ð2Þ whose zeros are
supported on the cusp at inﬁnity. Two forms sharing this property with the
same weight must be multiples of each other. Zagier then observes that the
‘specializations’ of suitable polynomials with certain Eisenstein series yield
such forms. Therefore, these specializations equal the relevant generating
functions up to easily computable constants.
For rð4s2; nÞ and rð4s2 þ 4s; nÞ, it turns out that a similar analysis applies.
The powers of YðzÞ are modular forms on G0ð2Þ whose zeros are supported
at the cusp inequivalent to inﬁnity. Arguing as above with Eðk; zÞ (see (1.5)
and (1.6)) and the polynomials in Zagier’s work, one easily obtains new
formulas for rð4s2; nÞ and rð4s2 þ 4s; nÞ (see Corollary 2). These formulas are
sums of products of divisor functions, and are simpler than those of Milne.
His formulas involve Schur functions and determinants of Lambert series.
Instead of this approach, we use the fact that the map sending z to 1=2z
swaps (see Proposition 2.1) YðzÞ and the generating function for triangular
numbers. Since the fundamental domain of G0ð2Þ has two cusps which are
interchanged by this map, we obtain our formulas from Zagier’s work on
the Kac–Wakimoto conjectures. This is completely elementary.
For every s, let As ðlÞ denote the coeﬃcients of the polynomials
Ys
i¼1
Xi
Y
14i5j4s
ðX 2i  X
2
j Þ
2 ¼
X
l¼ða1;...;asÞ
Aþs ðlÞX
a1
1 	 	 	X
as
s ; ð1:2Þ
Ys
i¼1
X 3i
Y
14i5j4s
ðX 2i  X
2
j Þ
2 ¼
X
l¼ða1;...;asÞ
As ðlÞX
a1
1 	 	 	X
as
s : ð1:3Þ
As usual, let snðnÞ :¼
P
d jn d
n, and let fBkg denote the Bernoulli numbers
deﬁned by X1
k¼0
Bkt
k=k! :¼ t=ðet  1Þ: ð1:4Þ
SUMS OF SQUARES 255If k52 is an even integer, then deﬁne weight k modular forms Eðk; zÞ by
Eþðk; zÞ :¼ 22k1
Bk
2k
þ
X1
n¼1
sk1ðnÞq4n
 !
 2k1
Bk
2k
þ
X1
n¼1
ð1Þnsk1ðnÞqn
 !
; ð1:5Þ
Eðk; zÞ :¼ 2k 
Bk
2k
þ
X1
n¼1
sk1ðnÞq2n
 !
 
Bk
2k
þ
X1
n¼1
sk1ðnÞqn
 !
: ð1:6Þ
Theorem 1. If s is a positive integer, then
YðzÞ4s
2
¼
ð1Þs4s
s!
Q2s1
j¼1 j!
X
l¼ða1;...;asÞ
Aþs ðlÞE
þða1 þ 1; zÞ 	 	 	Eþðas þ 1; zÞ; ð1:7Þ
YðzÞ4s
2þ4s ¼
22s
2þ3s
s!
Q2s
j¼1 j!
X
l¼ða1;...;asÞ
As ðlÞE
ða1 þ 1; zÞ 	 	 	Eðas þ 1; zÞ: ð1:8Þ
Corollary 2. If t is an odd integer, then define divisor functions st ðnÞ
by
sþt ðnÞ :¼
ð2t  22tþ1ÞBtþ1
2tþ2 if n ¼ 0;
22tþ1stðn=4Þ  2tð1Þ
nstðnÞ otherwise;
(
st ðnÞ :¼
ð1 2tþ1ÞBtþ1
2tþ2 if n ¼ 0;
2tþ1stðn=2Þ  stðnÞ otherwise:
(
If s is a positive integer, then for every non-negative integer n, we have
rð4s2; nÞ ¼
ð1Þsþn4s
s!
Q2s1
j¼1 j!
X
l¼ða1;...;asÞ
Aþs ðlÞ
X
m1þ			þms¼n;
mi50:
sþa1ðm1Þ 	 	 	s
þ
as
ðmsÞ;
rð4s2 þ 4s; nÞ ¼
ð1Þn22s
2þ3s
s!
Q2s
j¼1 j!
X
l¼ða1;...;asÞ
As ðlÞ
X
m1þ			þms¼n;
mi50:
sa1ðm1Þ 	 	 	 s

as
ðmsÞ:
KEN ONO2562. PROOFS
If k52 is an even integer, then let GkðzÞ denote the weight k Eisenstein
series
GkðzÞ ¼ 
Bk
2k
þ
X1
n¼1
sk1ðnÞqn: ð2:1Þ
If k54, then Gk is a weight k modular form on SL2ðZÞ. As usual, let ZðzÞ
ZðzÞ :¼ q1=24
Y1
n¼1
ð1 qnÞ ð2:2Þ
be Dedekind’s eta-function. It is well known that
YðzÞ ¼ Z2ðzÞ=Zð2zÞ: ð2:3Þ
Similarly, it is also well known that
TðzÞ :¼
Z2ð2zÞ
ZðzÞ
¼ q1=8
X1
n¼0
qðn
2þnÞ=2
 !
: ð2:4Þ
Up to the factor q1=8; TðzÞ is the generating function for the triangular
numbers.
Proposition 2.1. If s is a positive integer and ImðzÞ > 0, then
Tð1=2zÞ4s ¼
ð1Þsz2s
22s
	YðzÞ4s:
Proof. In view of (2.3) and (2.4), the proposition follows from the fact
that [2, p. 121]
Zð1=zÞ ¼
ﬃﬃﬃﬃﬃﬃ
z=i
p
	 ZðzÞ: ]
Proposition 2.2. If k54 is an even integer and ImðzÞ > 0, then
(1) Gkð1=4zÞ ¼ ð4zÞ
kGkð4zÞ,
(2) Gkð 14z þ
1
2
Þ ¼ ð2zÞkGkðz þ 12Þ.
Proof. Since 0
1
1
0

 
and 1
2
1
1

 
2 SL2ðZÞ, the modularity of GkðzÞ implies
Gkð1=zÞ ¼ zkGðzÞ; ð2:5Þ
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z  1
2z  1
 
¼ ð2z  1ÞkGkðzÞ: ð2:6Þ
Claim (1) follows from (2.5), and claim (2) follows by replacing z by z þ 1
2
in (2.6). ]
Proposition 2.3. If ImðzÞ > 0, then
(1) G2ð1=4zÞ ¼ ð4zÞ
2G2ð4zÞ þ
24z
pi
.
(2) G2ð 14z þ
1
2
Þ ¼ ð2zÞ2G2ðz þ 12Þ þ
24z
pi
.
Proof. Let S :¼ 0
1
1
0

 
and T :¼ 1
0
1
1

 
be the standard generators of
SL2ðZÞ. Claim (1) follows from the fact that [2, p. 113]
G2ðSzÞ ¼ G2ð1=zÞ ¼ z2G2ðzÞ þ 6z=pi: ð2:7Þ
Since G2ðTzÞ ¼ G2ðzÞ, (2.7) and

1 1
2 1

¼ ST2S1T1, implies
G2
z  1
2z  1
 
¼ ð2z  1Þ2G2ðzÞ þ 12ð2z  1Þ=pi:
Claim (2) follows by replacing z by z þ 1
2
. ]
Proof of Theorem 1. First we prove (1.7). If k52 is even, then deﬁne
gþðk; zÞ by
gþðk; zÞ :¼
1
2
Gkðz=2Þ  Gk
z þ 1
2
  
: ð2:8Þ
Zagier [6] proved that
TðzÞ4s
2
¼
1
4sðs1Þs!
Q2s1
j¼1 j!
X
l¼ða1;...;asÞ
Aþs ðlÞg
þða1 þ 1; zÞ 	 	 	 gþðas þ 1; zÞ: ð2:9Þ
By replacing z by 1=2z, Proposition 2.1 implies
YðzÞ4s
2
¼
ð1Þs4s
z2s
2
s!
Q2s1
j¼1 j!
X
l¼ða1;...;asÞ
Aþs ðlÞg
þða1 þ 1;1=2zÞ
	 	 	 gþðas þ 1;1=2zÞ: ð2:10Þ
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gþðk;1=2zÞ ¼
1
2
Gkð1=4zÞ  Gk 
1
4z
þ
1
2
  
¼ zk 22k1Gkð4zÞ  2k1Gk z þ
1
2
  
¼ zkEþðk; zÞ:
In view of (2.10), this implies (1.7).
To prove (1.8), we begin with Zagier’s formula [6]. If
gðk; zÞ ¼ GkðzÞ  Gkð2zÞ, then
TðzÞ4sðsþ1Þ ¼
2s
s!
Q2s
j¼1 j!
X
l¼ða1;...;asÞ
As ðlÞg
ða1 þ 1; zÞ 	 	 	 gðas þ 1; zÞ: ð2:11Þ
By (2.5), it is easy to see that
gðk;1=2zÞ ¼ 2kzkGkð2zÞ  zkGkðzÞ ¼ zkEðk; zÞ: ð2:12Þ
By Proposition 2.1, (2.11) and (2.12) implies (1.8). ]
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